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^ 1. Introduction 

^. 
r"| Let A be a finite dimensional self-injective algebra over a field k. The structure of its stable module 

"tli category mod - A is in general difficult to study, mainly because it does not have objects which behave 

r^ like projectives; instead one would use simple modules to study the homological properties of mod -A. 

I '~'i In [KL| , Steffan Koenig and Yuming Liu proposed the notion for which a class of objects behaves like 

the set of simple objects, and called it simple-minded system. An analogue of such system which lives in 

the (bounded) derived category was introduced by Rickard Kiel and Al-Nofayee [AN]. This analogous 



J^ idea is studied extensively by Koenig and Yang KY and is called simple-minded collection therein. 

— 1 In brief, Al-Nofayee showed that the class of simple-minded collections which are stable under the 

p^i Nakayama functor is in one-to-one correspondence with the class of one-sided tilting complexes. It is 

l/~j well-known that the stable category mod-A of finitely generated A-modules is a triangulated category, 

,_k and this category is the same as the quotient D^{inod-A)/K^{pToyA) of bounded derived category by 

f^ the bounded homotopy category of complexes of projective A-modules, where the suspension functor of 

C^ mod-A is the inverse Heller translate fl^^. In particular, suppose T e i^''(proj-A) is a one-sided tilting 

'""' complex and Ex = End^6(p,.oj_yi-)(r), then the derived equivalence Ft = Hom(r, — ) : 13^ (mod-A) — > 

J> D^{mod-ET) restricts to a stable equivalence Ft : mod-A — >■ mod- Et- This is one of the main 

k^ approaches to study the stable equivalences of self-injective algebras in the past two decades. 

Cd Moreover, using the results in KY] and [KLI, one can sees that restricting a Nakayama-stable simple- 

minded collection into the stable module category is in fact a simple-minded system, which revealed 
much more subtle connection between the derived categories and stable categories. In a recent collab- 
oration CKL of the author with Koenig and Liu, we gave a detailed exposition on the simple-minded 
systems of representation-finite self-injective algebras, partly via such connection. One of the key 
results can be stated as follows: every simple-minded system of a representation-finite self-injective 
algebra arises as the image of the set of simple modules under some stable equivalence (of Morita 
type) induced by some derived equivalence. Moreover, this gives us a natural surjection from the class 
of tilting complexes to the class of simple-minded systems, which turns out to "respect mutation" as 
well. The present article aims to refine this connection in the case of Brauer star algebra. 



By a result of Abe and Hoshino AH , every derived equivalence given by tilting complex can be 



written as compositions of derived equivalence given by two-term tiling complexes (i.e. those that 
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are concentrated in two consecutive homological degrees), and so we can think of two-term tilting 
complexes as "generators" for (one-sided) tilting complexes. On the other hand, in the emerging r- 
tilting theory, the two-term tilting complexes of symmetric algebras are known to be in correspondence 
with support r-tilting modules [AIRI , which plays an important role in other areas of homological 
algebras, torsion pairs, 2-Calabi-Yau algebras, (cluster-)tilting and alike. To the best of our knowledge, 
the answer to the following problem concerning two-term tilting complex is still unknown to most self- 
injective algebras. 

Problem 1.1. Suppose A and B are derived equivalence algebras. Can we find a two-term tilting 
complex T concentrated in degree and —1, so that Et = End;^-t,(pi.oj-A)(^) ^s Morita equivalent to B? 

When ^ is a Brauer star algebra, the answer to this problem is well-known to experts in the field, 
which we will present in Section 3. To connect the study of two-term tilting complexes with that of 
simple-minded systems, we pose a strengthened version of the problem: 

Problem 1.2. Suppose A and B are self-injective k-algebras and F : D^{inod-A) — > D''{niod-B) is 
a derived equivalence. Can we find a two-term tilting complex T concentrated in degree and —1, 
so that the preimage of simple Ex-modules under the induced stable equivalence Ft coincide with the 
simple-minded system, which is given by the preimage of simple B -modules under the induced stable 
equivalence F? 

This problem seems to be a difficult one in general, as all of the present article is devoted to solve this 
problem only in the case where ^ is a Brauer star algebra (symmetric Nakayama algebra) . In the case 
when A is a representation-finite self-injective algebra, we know from the main results of [CKLj that 
positivity of this problem is equivalent to saying that the natural map from the class of two-term tilting 
complex to the class of simple-minded system is a surjection. For an algebra A, let 2-tilt(A) denote 
the set of two-term tilting complexes concentrated in degree and —1 up to homotopy equivalence. 
The main result of the article is stated below; and it will be used to give a positive answer to Problem 

[Ql 

Theorem 1.3. Let A be Brauer star algebra associated to the Brauer star with e edges and multiplicity 
m > 1. Suppose T E K {pioyA) is a two-term tilting complex, and Ft ■ mod-^ — >■ mod --Er be the 
induced stable equivalence. We have the following bijection: 

2-tilt(j4) 4-> {simple-minded systems of A} 
T i-^ Ft^^ {simple Et -modules) 

Let B be the Brauer star algebra associated to the Brauer star with e edges and multiplicity 1. We 
have a surjection using the analogous mapping on respective sets: 

2-tilt(_B) — > {simple-minded systems of B}. 

Moreover, these maps are compatible with mutation on respective sets. 

This article is structured as follows. In Section 2, we go through the basics of Brauer trees and 



Brauer tree algebras. We will collect essential results from GR , Rie2 and CKL about simple- 
minded systems of Brauer tree algebras that will be useful to us; and use these to indicate how 
the main theorem can be used to answer the Problem |1.2[ In Section 3, we motivate the study of 



two-term tilting complex, and collect the facts and algorithms from RS and _SZIJ about pointed 
Brauer tree and its relation with two-term tilting complexes of Brauer star algebra. In Section 4, we 
review various mutation theories, namely those of tilting complexes from fAT, those of simple-minded 



collection from ^KY_ , those of Brauer tree from Aihl , and those of simple-minded system from [Dug2 



and CKL . We will present some propositions on these mutation theories in the case of Brauer tree 



algebras. Finally we prove Theorem |1.3| in Section 5 
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Throughout this article, all the algebras are assumed to be finite dimensional over algebraically closed 
field, indecomposable, non-simple, and basic. In particular, they can be presented by quivers and 
relation. We work with right modules and write morphisms on the left, composing them from right 
to left. Likewise, paths in a quiver Q will be composed from right to left, and we often identify them 
with morphisms between projective right modules over (a quotient of) the path algebra. We will 
also assume the reader is familiar with the basics of Auslander-Reiten theory, and with Riedtmann's 
structuresatz Kiel 



2. BrAUER tree ALGEBRAS AND THEIR SIMPLE-MINDED SYSTEMS 

Definition 2.1 (see for example |GR| ) ■ A Brauer graph G is a finite undirected connected graph 
(possibly with loops and multiple edges) with the following data. To each vertex we assign a cyclic 
ordering of edges incident to it, and a positive integer called multiplicity. 

A Brauer tree is a Brauer graph which is a tree, having at most one vertex with multiplicity greater 
than one. If there is such vertex, it is called exceptional vertex, otherwise we say the Brauer tree 
has trivial multiplicity. Traditionally, we choose the counter-clockwise direction as the cyclic ordering 
of edges; and denote the Brauer tree as (G, v, m) for a tree G with exceptional multiplicity m at the 
exceptional vertex v. For simplicity, we usually just use G as the notation for this triple. We will use 
e to denote the number of edges of G. 

A finite dimensional algebra A is a Brauer tree algebra associated to a given Brauer tree [G,v,m), if 
there is a one-to-one correspondence between the edges j of G and the simple A-modules Sj in such a 
way that the projective cover Pj of Sj has the following description. We have Pj/iadPj = soc Pj = 
Sj, and the heart rad Pj / soc Pj is a direct sum of two (possibly zero) uniserial modules Uj and Wj 
corresponding to the two vertices u and w at the end of the edge j . If the edges around u are cyclically 
ordered j, ji,J2, ... ,jr, j cind the multiplicity of the vertex u is m„, then the corresponding uniserial 
module Uj has composition factors (from the top) Sj^ , Sj^ , ■ ■ ■ , Sj^ , Sj , Sj^ , • . • , Sj^ , Sj, . . . , Sj^ so that 
5jj , . . . , Sj^ appear ruu times and Sj appears m„ — 1 times. We denote the basic algebra associated to 
a Brauer tree G as B^m- 

A Brauer star, which we usually denote by •, is a Brauer tree where the underlying graph is a star, with 
exceptional vertex at the centre, the corresponding Brauer tree algebra is called Brauer star algebra. 
Note that the class of Brauer star algebras coincides with the class of symmetric Nakayama algebras. 

For any n G Z, denote n to be the positive integer in {1, . . . , e} with n = n mod e. We fix a quiver 
and relation presentation for Brauer star algebra -B*,„ associated to Brauer star with e edges and 
multiplicity m: 



with relations given by setting all paths of length em-\-l as zero. In particular, the radical of projective 
indecomposable Pi has projective cover PjZfi- AH indecomposable A-modules are uniserial, hence 
uniquely determined by its socle and Loewy length, and so we denote Mj_^ with i € {1, . . . , e} and 
1 < ^ < em -I- 1. For any i and any £ < em, the Auslander-Reiten translate r (which is isomorphic 
to the second syzygy functor J7^) sends Mij to Mj^ ^. The Heller translate ft, which is the inverse 
of suspension functor in the triangulated category mod - A, sends Mi^i to M^_f_^_^ em+i-v ^^"^ inverse 

\,i to M—^^^^^^_^. 



Heller transalte Q, ^ sends M,- p to M- 
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In GR , Gabriel and Riedtmann classified the class of algebras that are stably equivalence to Brauer 



star algebra with e edges and multiplicity ttt,, and this class is precisely the Brauer tree algebras which 
has the same number of edges e and same multiplicity to; the stable Auslander-Reiten (AR) quiver 
of this class of algebra is 'LAem/{T'^)- Riedtmann further investigated the stable equivalence between 



these algebras in Rie2 and produced a description of the image of simple modules via a combinatorial 



gadget called configuration. To keep this article as concise as possible, by configuration we always mean 
Riedtmann's combinatorial configuration, which is equivalent to the original definition of configuration, 
for details. 



see 



CKL 



Definition 2.2 ( [Rie2 ). Let A be a stable representable quiver, a (combinatorial) configuration C is 



a set of vertices of A which satisfy the following conditions: 



(l)Foranye,feC,RouYk(^){eJ)^\ ^ 6 = /) 

(2) For any e S A, there exists some f (z C such that Homj.(^)(e, /) ^ 0. 

Remark 1. fc(A) above is the mesh category of A. In the case of Brauer tree algebra, A — ZAem/i'T''^) , 
regardless of the underlying Brauer tree. Therefore, for a Brauer tree algebra B^„^ for some G, we say 
that a set C of vertices in ZAem/iT'^} is a configuration of B'^^. 



The motivation of this article comes from understanding simple-minded systems introduced by Koenig 
and Liu in 



KL 



We denote by mod-A the category of all finitely generated right A-modules, by 
vaod-pA the full subcategory of mod- A whose objects have no nonzero projective direct summand, and 
by mod -^ the stable category of mod-^ modulo projective modules. Let 5 be a class of A-modules. 
The full subcategory {S) of modA is the additive closure of S. Denote {S) * {S') as the class of 
indecomposable A-modules Y such that there is a short exact sequence 0— ?>X— >y0P— >Zh>0 
with X e (5), Z e {S'), and P projective. Define (5)i := (5) and (5)„ := (5)„_i * (5) for n > 1. 

Definition 2.3 ( [KL| ). Let A be self-injective algebra over a field. A class of objects S in mod-pA is 
called a simple-minded system over A if the following conditions are satisfied: 



(1) (orthogonality condition) For any S,T Cz S, Honi j^jS, T) — 



iS^T), 

division ring {S = T). 

(2) (generating condition) For all indecomposable non-projective A-module X, there exists some 
natural number n (depending on X) such that X G (5)„. 



In case A is representation-finite, we showed in CKL that every simple-minded system of A can be 



described by Riedtmann's configurations; we refer the reader to CKL for detailed study and survey 
on simple-minded systems for representation-finite self-injective algebras in general. We also recall 



from CKL that a class S of indecomposable A-modules is called a simple-image if there is a stable 
equivalence (j) : mod-i? — s- mod - A such that S is the image of simple B-module under cf). If the stably 
equivalent algebra B is known, we say 5 is a B- simple-image. Obviously, a simple-image is always a 



simple-minded system. We extract the results from CKL and Rie2 required in this article below 



Tiieorem 2.4. Let A = -Bg „ be a Brauer tree algebra over an algebraically closed field k, and ^F^ — 
ZQ/n be the stable AR quiver of A. 



(1) Rie2)j Any configuration C of A can be identified with a simple-image. 

(2) CKL^ There is a bijection: 



{H-stable configurations ofZQ} O 

C ^ 



{simple-minded systems of A} 
H{C) 
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for some map H : k(gTji) — >■ mod - A defined on the objects of the respective categories. More- 
over, every simple-minded system of A appear as the restriction of image of the set of simple 
modules under some derived equivalence onto the stable module category of A. 
(3) \CKL Rie^ There is a bijection between the set of isomorphism classes of algebras stably 



equivalent to B*^, and the set of orbits of simple-minded system under the action of stable 
auto- equivalences (r2"|n G Z). In particular, any simple-minded system S of Brauer tree 
algebra, has its Q-orbit splitting into at most two T-orbits: 

{r2"5|n e Z} = {r"5|n e Z} U {r'^n-^Sln e Z} 

Corollary 2.5. Let A be a Brauer star algebra and F : D''{niod-A) -^ D''{inod-B) be a derived 
equivalence. Then there is a two-term tilting complex T concentrated in degree and —1 which gives 
rise to the following diagram. 

mod-Ex ^ mod- A -« mod -B 

{simple Ex-modules} I s- S -< 1 {simple B-modules} 



where Ft and F are the induced stable equivalences and n G Z. In particular. Problem 1.2 has a 
positive answer when A is a Brauer star algebra. 

Proof. This follows from combining Theorem 1 1 . 3| and Theorem |2.4[ D 



In the remaining of this article, we fix the following coordination for the stable AR-quiver of Brauer tree 
algebras using the pair appearing in the subscript of an indecomposable i?*„j-module. Note that the 
stable AR-quiver of Brauer tree algebra Bf^ is isomorphic to the stable tube 'LAem/ {t^)- The simple 
-Bg ^-modules lie on the bottom rim of the stable AR-quiver, and radical of projective indecomposable 
B* „j-modules lie on the top rim of the stable AR-quiver. 

Example 2. The following is the stable AR-quiver of Bt,2 (we omit the symbol M): 

(3,6) (2,6) (1,6) (3,6) 

/^ X /^ X /^ X ^ 

(3,5) (2,5) (1,5) (3,5) 

/^ X /^ X ^ X /^ 

(3,4) (2,4) (1,4) (3,4) 

/^ X ^ X ^ X /^ 

(3,3) (2,3) (1,3) (3,3) 

/^ X ^ X /^ X /^ 

(3,2) (2,2) (1,2) (3,2) 

/^ X /^ X /^ X /^ 

(3,1) (2,1) (1,1) (3,1) 

{(1, 1), (2, 1), (3, 1)} is the set of simple Bg 2-module. Another example of simple-minded system (i.e. 
configuration) is 5 = {(1, 1), (2, 3), (3, 5)}, the (unique) Brauer tree algebra B such that 5 is a i?- 
simple-image is the one associated to the graph (tree) of a line with exceptional vertex at the end of 
the line, i.e. • o o o . 

We will use this coordination throughout the article. Note that our coordination is slightly different 
from the conventional one, where the "x-axis" goes from left to right, the transformation from our 
coordination to the conventional one is (a;, y) i— > {em — x,y). 
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Theorem |2.4| says that in order to understand simple-minded systems over representation-finite self- 
injective algebras, we can study configurations instead, transforming most of the algebraic exposition 
to a combinatorial one. In the following, we play with this combinatorics to give us some tools which 
will be useful later in the proof of the main theorem. An extremal vertex of Brauer tree G is a vertex 
of valency 1; we call the edge connected to an extremal vertex as leaf. 

Lemma 2.6. Let G be a Brauer tree and S a simple B^.^^-module. Then S lies on the rim of the stable 
AR-quiver, if and only if, the edge in G which corresponds to S is a leaf attached to a non- exceptional 
extremal vertex. 

Proof. By the construction of Brauer tree algebras, an edge is a leaf attached to a non-exceptional 
extremal vertex if and only if the corresponding indecomposable projective module is uniserial. Also 
note that for any simple i?^,„-module 5', whose projective cover is P, we have almost split sequence 
starting at Q.{S) being: 

This says that P is uniserial if and only if, il{S) and fl^^{S) is on a rim of the stable AR-quiver, say 
located (without loss of generality) at {l,em), {e,em) respectively, which in turns is equivalent to S 
located at (1, 1), i.e. another rim of the stable AR-quiver. D 

We need some combinatorial lemma about configurations: 

Lemma 2.7 ( |Rie3 , Lemma 2.5). A setC in the vertex set (Zv4„)o ofZAn is a configuration ofLA^ 
if and only if 

w„CUt("+i)^(0,1) 
is a configuration ofZAn+i, where w„ is an injection w„ : (ZA„)o ^ (2^n-i-i)o given by: 

\{x,y) ifO<x~y<x<n 

uJn{x,y) = < 

[{x,y+l) tfO<x<y 

and by the rule aj„T" = T^^^uin. 

Applying this lemma on the class of Brauer tree algebras, i.e. for configurations of I^Aem which are 
stable under t*^^, one can see the lemma can be refined to: 

Lemma 2.8. A set C in ['LAem/ {t'^))o is a configuration of Brauer tree algebra associated to Brauer 
star algebra B* „j if and only if 

C+ := a;('"'C U {(e + 1, 1)} 
is a configuration of B*_^ „j where tUe is an injection uje ■ (Zylem)o ^^ (^^(e+i)m)o given by: 

u;i"'\x,y)^{x,y + e) 
when —ie < x — y < {1 — i)e for some i G {0, . . . , m}. 

When we compare two simple-minded systems, both of which appear to be i?-simple-image for some 



algebra B, we want to be able to tell whether they lie in the same r-orbit (c.f. Theorem 2.4). For this 
purpose, we need to refine the above combinatorial lemma. 

Suppose we have a configuration C of Brauer star algebra B* ^ which corresponds (under the map of 
Theorem 2.4 1 to a i?^„-simple-image, each {x,y) e C lying on the rim of stable AR-quiver (i.e. {x,y) 



with y = 1 or em) then corresponds to a leaf of G by Lemma 2.6 Fix any one of such {x,y), let G' 
be the Brauer tree obtained by removing a leaf corresponding to {x, y) in G. Apply Heller shifts fi" 
(for some n) to C so that {x,y) i— ^ (1, 1). More explicitly, apply r~^+^ (i.e. n — —2x -I- 2) if y = 1, 
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or r~'^"'"^ri~^ (i.e. n = —2x + 1) ii y = em. Now we have il^C = 2?+ for some configuration T) which 
is a Bf_i j^-simple- image. Obviously, f2~"2? is still a configuration of B^_i ^. We call this process as 
^^cutting off a leaf' . 

The following observation is crucial for proving the main theorem: 

Corollary 2.9 (Tree Pruning Lemma). Suppose G is a Brauer tree with e edges and multiplicity m, 
where the valency of the exceptional vertex is £. Let C be the configuration of i?^„ representing the 
simple B^^-module. Then the effect on C after successively cutting off leaves of G until reaching B^ ^ 
is either C^^ :— {(1, 1), . . . , {i, 1)} or Q~^Cf ^ — {(1, £m), ...,{£, irn)}, depending only on the r-orbit 
for which C lie in. 

By the virtue of this result, we can classify configurations of Brauer tree algebras into two types. A 
configuration C which is a i?^„j-simple-image is said to be of "bottom-type" (resp. "top-type") if the 
resulting configuration after tree pruning is C^„j (resp. r2~^C£ „J. 



3. Tilting complexes and Pointed Brauer tree 

The other structure we are interested in is the (one-sided) tilting complexes of Brauer star algebra 
B*^. Let us first recall some necessary definitions. The following "definition" of tilting complex is 
given by results of AI and KY , equivalent to the original one given by Rickard [Ric2| . 



Definition 3.1. Let A be a finite dimensional self-injective algebra. A (one-sided) tilting complex 
is an object T in the hounded homotopy category T — K''{pioi-A) of finitely generated projective 
A-modules if 

(1) Homr(r, T[i]) = for all i ^ 0, 

(2) T = thick(T), 

(3) The indecomposable summands of T are pairwise non-isomorphic and the number of indecom- 
posable summands of T equals to the rank of Grothendieck group of T ■ 

An object in T is a two-term complex if it is concentrated in at most two consecutive homological 
degree. A tilting complex is two-restricted if it is a direct sum of indecomposable two-term complexes. 

Given a tilting complex T, let Et denote the derived equivalent algebra End7-(T), and Ft be the 
triangulated equivalence Hom7-(T, — ) or the derived equivalence \^ou\T,bi^^^_j^\[T^—). By a result of 



Rickard Ricl , any algebra derived equivalent to a Brauer tree algebra is also a Brauer tree algebra, 
hence, we sometimes call a tilting complex to be "star-to-tree tilting complex" if A is the Brauer star 
algebra B*^. However, there is an abundance of tilting complexes (even up to shifts and homotopy 
equivalences), and we should restrict to a much more refined subclass when studying the homological 
theories around these algebras. Our choice in the current article is the set of two-term tilting complexes. 



The reason comes from the work of Abe and Hoshino AH , where they showed that every derived 



equivalence between self-injective algebras given by a tilting complex is a composition of derived 



equivalences given by two-term tiltings. Moreover, in AIR it is shown that the set of two-term 
tilting complexes of symmetric algebra is in bijection with the set of functorially finite torsion classes 
of its module category, emphasising the importance of two-term tilting complexes in the study of 
homological behaviour of symmetric algebra. We also remark that these statements are also true for 
any finite dimensional self-injective algebras by inserting "Nakayama-stable" into appropriate places, 
c.f. 



AH and Miz 
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Since Brauer tree algebras are encoded by the rich combinatorics in the Brauer trees, it is natural to 
seek for combinatorial construction and description of two-term tilting complexes. One approach is 
given as follows by Schaps and Zakay-IUouz. Some other approaches to this include a combinatorial 



one from AZ , and using a recently invented theory of support r-tilting module Ada along with the 



bijection between support r-tilting modules and two-term tilting complexes AIR . We will only use 



Schaps-Zakay-Illouz approach in this article. We first recall the following combinatorial gadget: 



Definition 3.2 ( SZI ). Let (G, v, m) he a Brauer tree with e edges. A pointing is a set of data assigned 
to each non- exceptional vertex u, of a pair of edges i,j which are adjacent in the cyclic ordering at u 
(i.e. a section around u). We call this pair of edges as pointed section. If u is extremal attached to 
leaf i, then we take {i,i) as the required pair. The tree G together with a pointing is called a pointed 
Brauer tree. 



We recall the main result of Schaps and Zakay-IUouz SZIl: 



Theorem 3.3 (Schaps-Zakay-IUouz correspondence |SZI| ). There is a one-to-one correspondence be- 
tween the set of two-restricted tilting complexes (up to shifts and homotopy equivalences) for the Brauer 
star algebra B* „ associated to a Brauer star with e edges and multiplicity m, and the set of pointed 
Brauer trees having e edges and multiplicity m along with a marked non- exceptional vertex. Moreover, 
under this correspondence, the underlying Brauer tree of the Brauer tree algebra Et coincide with the 
underlying Brauer tree of the pointed Brauer tree corresponding to T. 

Remark 3. From the definition of pointing, there is only one pointing on the Brauer star, this 
corresponds to the algebra B* ^ itself considered as a tilting complex. 

Looking closely at the combinatorics and the bijection, [RS| gave a description of two-term star-to- 
tree tilting complexes (those they termed "completely folded") using alternating pointing. For each 
Brauer tree, apart from the star, with a marked non-exceptional vertex, there are precisely two kinds 
of alternating pointing. Let us be more precise with the construction of such pointed Brauer trees and 
their associated tilting complexes. 



3.1. The Green's walk around Brauer tree. Let us first very quickly review the Green's walk Gre 
As we have chosen the counter-clockwise direction for the cyclic ordering of the edges, the Green's walk 
around G is "a counter-clockwise walk along the edges of G" . We start by picking a vertex with an 
adjacent edge and run the following recursion step until going back to the starting point (same vertex 
same edge). The recursion step can be stated simply as: Given a vertex u and edge i, one obtains a 
new vertex v as the other end of i and a new edge j as the next edge at v in the cyclic ordering. When 
one assigned a pointing on G, we say a stage, e.g. {u,i), of the Green's walk have reached a pointed 
section if the pointing at u is (j, i). 

3.2. Constructing alternating pointing. For any vertex u G G, recall the distance d{u) is the 
minimum number of edges from the exceptional vertex to u. Let G be the Brauer tree, and start at 
an edge sharing the exceptional vertex. The following algorithm constructs one kind of alternating 
pointing. The algorithm iterates using the Green's walk, starting from the pair (m, i) with i be an edge 
attached to the exceptional vertex: 

(1) Let i,ii, . . . ,ie be the cyclic ordering of the edge incident to the vertex u. If d{u) odd (resp. 
even), then assign pointing (i, ii) (resp. {ie, i)) at u, we say this is "pointing in the first (resp. 
last) section at m". 

(2) Go around the tree using the Green's walk, until reaching the next non-exceptional vertex u' 
which is not assigned a pointing. 
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(3) Repeat Step (1) by replacing u with u' , until all vertices are assigned with a pointing. 

For convenience, we call this alternating pointing as odd-first pointing. The other alternating pointing 
is given by pointing in first (resp. last) section when d{u) even (resp. odd), hence we call it even-first 
pointing. Also note that if the vertex is a leaf of a tree, then the pointing is unique. 



3.3. Constructing two-term tilting complexes. Now given an alternating pointed Brauer tree 
with a marked non-exceptional vertex w, we number the non-exceptional vertices according to the 
following iteration using the Green's walk, starting at the pointed section at {v,i), where v — u and 
i is the edge attached to vertices v and v' , with v being furthcrer away from the exceptional vertex, 
and n = 1. 

(1) If we reach a pointed section at u, assign the number n to u and then replace n with n + 1. 
Otherwise, do nothing. 

(2) Go around the tree using Green's walk, until reaching the next vertex u' which is not assigned 
a number. 

(3) Repeat Step (1) by replacing u with u' , until all non-exceptional vertices are assigned with a 
number. 

Now label each edge by the same number as the vertex farthest from the exceptional vertex. Define a 
(two-term) star-to-tree tilting complex T = ®^^]^ 7i € 2-ti\t{B*j^) by the following recursion on the 
distance from exceptional vertex. 

(1) If edge i is adjacent to the exceptional vertex, then Ti is the stalk complex — > P^ — > with 
Pi at degree (resp. —1) if pointing is odd-first (resp. even-first). 

(2) Let ii, . . . , if be the edges adjacent to the chosen vertex u, with ii be an edge with T^^ assigned. 
For each j 7^ 1, we have two cases: 

(a) If Pi-^ is in homological degree 0, then assign Ti . with the two-term complex Pi . — >■ Pi^ 
concentrated in degree —1 and 0. 

(b) If Pjj is in homological degree —1, then assign T^. with the two-term complex P,^ -^ Pi. 
concentrated in degree —1 and 0. 

For convenience in later part of the article, if the pointing is even-first, then replace the corresponding 
tilting complex T € 2-tilt(i3*„) by its shift P[— 1]. With this choice of homological positions, the 
homological degree component of all the indecomposable summands in T will always be non-zero. 
We say that a two-term star-to-tree tilting complex (excluding B*^ itself) appearing in this form, 
which corresponds to a even-first (resp. odd-first) pointed Brauer tree, is positive (resp. negative), in 
order to emphasies the degrees where non-zero modules appear. Consequently, 

2-tilt(P*„J = {negative two-term tilting} U {T[1]|T positive two-term tilting} U {P*™: ■S*„Jl]}. 

Example 4. Consider the following pointed Brauer tree with the odd-first pointing, where the excep- 
tional vertex is coloured black. Following SZI|, the pointing at each vertex is labelled by a black dot 
in the pointed section. Note that at the leaves of the Brauer tree, the pointing is unique so we do not 
need to put any black dot. We choose the marked vertex as the one of valency 3 here. For clarity, we 
draw the Green's walk around the tree with the dotted line in Figure 111 starting at the pointed section 
of the marked vertex. 
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Figure 1 . Pointed Brauer tree and a Green walk. 



1 • 4 
— — O • 



2 3 

— — O O 



Figure 2. Labelling of vertices and edges on a pointed Brauer tree. 

The labelling on the vertices and on the edges are shown in the figure [2J The Schapes-Zakay-IUouz 
correspondence gives the following two-term tilting complex: 

^ Pa 

©( -^ Pi) 
©(Pi ^ Pi) 
®(Pl ^ P5) 

©(Pi ^ Pe) 

with indecomposable projective Pg ^-modules P2,P4,P5,Pe appearing in homological degree 0, and 
all other indecompoable projecitve modules appearing in homological degree —1. 

We end this section by answering Problem |f.f| for Brauer star algebras. 

Theorem 3.4. Suppose A is an algebra derived equivalent to B*^. There is a two-term tilting complex 
T concentrated in degree and ~1, so that Et is Morita equivalence to A. In particular, Problem \l.l\ 
has a positive answer for Brauer star algebras. 



Proof. It is well-known that any such A is a Brauer tree algebra associated to Brauer tree G with e 
edges and multiplicity m. Now we can pick any alternating pointing and any non-exceptional vertex 
of G, and construct two-term tilting complex T, which has Et Morita equivalent to A. The statement 
now follows from Theorem 13.31 D 



4. Mutation theories 



One approach to construct tilting complexes is via iterative mutations starting from A. One can 
also construct simple-minded collections and simple-minded systems similarly using mutation starting 
from the set of simple modules. We now go through the definitions and lemmas regarding mutations 
of these objects 



AI 



as 



Note that we use the term tilting mutation instead of silting mutation in 
all silting complexes are tilting complexes for a weakly symmetric algebra A (such as Brauer tree 
algebras) . Throughout this section the algebras we consider are always (weakly) symmetric. Following 
the convention in CKL , we use Roman fonts for tilting complexes, bold fonts for simple-minded 



collections, and calligraphic fonts for simple-minded systems. 
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4.1. Mutation of tilting complexes and simple-minded collections. 



Definition 4.1 (Mutation of tilting complex lAIl). Let T = Ti (B ■ ■ ■ (B Tr be a tilting complex and 
T — X (B M , a left tilting mutation of T at X , denoted fi^{T) :— T[ (B ■ ■ ■ (B T^ is given by 

(1) Tl = Ti if Ti a summand of X . 

(2) Otherwise, 

T'l :— coiie{minimal left Sidd{AI) -approximation of Ti) 

A right tilting mutation fij^ is defined similarly using right approximation. A tilting mutation is said 
to be irreducible if X is indecomposable. 

Some of the results in this section work for both left and right mutations, in which case we simplify 
our notation for mutations by superscripting with ±. We note the following useful fact, which says 
that left and right mutations are operations inverse to each other: 

Proposition 4.2 ( |AI|, Prop 2.33). Suppose T is a tilting complex and T — X (BM , writing n\{T) — 
Y (B M and ^~^{T) — Z (B M , then we have ^yl^xi"^) =T = ii'^fi^{T). 

By construction, tilting mutation respects derived equivalence as follows. Given derived equivalence 
F : _D''(mod-^) — >■ D^{inod-B) (or triangulated equivalence F : iiT^ (proj-A) — )■ K^{pToi-B), and a 
tilting complex T € if''(proj-y4) with a summand X of T, we have F{fi^{T)) = ^p^{FT). 

We will not work with simple-minded collections most of the time, but they serve as a bridge between 
tilting complexes and simple-minded systems, so we state the necessary definitions and results here, 
and refer the reader to ICKLl for more details. 



Definition 4.3 (Simple-minded collection and its mutations KY ). Let A be a weakly symmetric 
algebra, and S ~ {Xi, . . . ,Xr} a collection in the bounded derived category Z?''(mod-yl). 

(1) S is a simple-minded collection if for all i, j = 1, • • • ,r, the following conditions are satisfied: 

(a) (orthogonality) Hom{Xi, Xj) = kSij 

(b) (generating) ^'''(mod-A) = thick{Xi ® • • • Xr). 

(c) (silting/tilting) Hom(Xi, Xj[m]) = for any m <0. 

(2) Let X C S, a left mutation of S at X, denoted fJ-^{S) := {Yi, . . . , y^} *s given by 

(a) Y,^X,[l] ifX.eX. 

(b) Otherwise, Yi is the cone of the minimal left J- (y^)- approximation of Xi[—1], where J^(X) 
is the extension closure ofK. 

A right tilting mutation /i^ is defined similarly using right approximation. A mutation of 
simple-minded collection is said to be irreducible i/X has cardinality 1. 

The mutation of simple-minded collection also respects derived equivalence, namely F{ijl-^(S)) — 
fj,p^{FS) for derived equivalence F : D''{inod-A) -^ D''{niod-B). 

One of the main results in Al-Nofayee |AN| is that for a Nakayama-stable simple-minded collection 
S, one can construct a tilting complex T so that Ft{S) is the set of simple i^j— modules. This is also 
shown in [KY|. The key result from KY is the following. 



Theorem 4.4 (Koenig-Yang bijection KYI). Suppose A is a finite dimensional symmetric algebras. 



There is a one-to-one correspondence between the equivalence classes of tilting objects in K''(proyA) 
and the equivalence classes of simple-minded collections in D^{inod-A). Moreover, this bijection respect 
mutations on respective classes. 
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Remark 5. Two tilting objects are equivalence if they are homotopy equivalent up to shifts. Two 
simple-minded collections are equivalence if their extension closure coincides. 

Even more specifically, let T be tilting complex corresponding to simple-minded collection S, then 
there is an ordering on indecomposable summands of T and elements of S such that for any subset 
X = {Xi-^ , . . . , Xi^ } C S and summand X = Ti^ ® • • • ® Ti^ , /i^ (S) is in correspondence with ^^ (T) . 
Note that under the Koenig-Yang bijcction, the set of simple A-modules (considered as a set of stalk 
complexes concentrated in homological degree 0) corresponds to the canonical tilting complex A. 



In AI , Aihara and lyama posed a question asking whether one can obtain all the tilting complexes 
just by iterative irreducible mutations (or by iterative irreducible left mutations) starting from the 
canonical tilting complex A. Aihara affirmed this for representation-finite A: 



Theorem 4.5 ( [Aih2 ). Let A he representation-finite symmetric algebra and T he a tilting complex 
concentrated in non-positive homological degrees, then T can he obtained by iterative irreducible left mu- 
tations, i.e. T = ^^j ii~^.j ■ ■ ■ fj,~^.j (A) for some indecomposable partial tilting complexes Afi, . . . , Mi. 

Remark 6. (1) Any tilting complex can be shifted so that it is concentrated in non-positive 

homological degree. 

(2) By Koenig-Yang bijcction, this is equivalent to saying that any Nakayama-stable simple-minded 
collection (possibly after shifting) can be obtained by iterative left mutation starting from the 
set of simple A-modules. 

(3) Dually, if T is concentrated in non-negative homological degrees, then T can be obtained by 
iterative irreducible right mutations with T = /i^ • • • nj^ (A) . 

4.2. Mutation of Brauer trees. Mutation of tilting complex can be reformulated as mutation on the 
class of derived equivalent algebras: for a summand P of an algebra A, let T be the tilting mutation 
11^ {A), then we can define the left algebra mutation as the algebra Et. On the class of Brauer 



tree algebra, this gives a mutation on the Brauer trees. Using the result from Aihl Theorem 1.5] 
or |Dugl[ Section 2,3], it turns out we can define mutation of Brauer tree algebras directly from the 
underlying combinatorics. 

Definition 4.6 (Mutation of Brauer tree). Let G be a Brauer tree, and i be an edge of G, the left 
mutation of G at i, denoted ^~{G), can be constructed as follows. Suppose the vertices attached to i 
are u and v, with j and k being the previous edges in the cyclic ordering around u and v respectively. 
The mutated tree is given by removing the edge i from G, and replace with an edge i' connected to j 
and k. In particular, if (without loss of generality) u is only of valency one (i.e. an extremal vertex), 
then i' is attached to u again. 

Similarly, define the right mutation iJ.^{G) by removing i and connecting i' to the next edges in the 
cyclic ordering around u and v. The two mutations can be visualised as in Figure\^ 

The discussion prior to this definition says that, if T is a star-to-tree tilting complex which takes the 
Brauer star to a Brauer tree G, and let i be an edge correspond to a summand X of T, then fi^{T) 
is a star-to-tree tilting complex which takes the Brauer star to the mutated Brauer tree iif{G). 

We now present an algorithm to mutate from the Brauer star to arbitrary Brauer tree so that the 
mutated tilting complex under the corresponding mutation is always two-term. We start with some 
sufficient criteria for a mutated tilting complex to be a two-term. 

Lemma 4.7. Let T be a tilting complex concentrated in non-positive homological degrees, and X be 
an indecomposable summand of T, we have the following: 
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Figure 3. Mutation of Brauer tree. 



(1) If fj,^{T) is two-term, then so is T. 

(2) If T is two-term and M is a stalk complex — > 
homological degree 0, then j.i^{T) is two-term. 



P, 



for some i G {1, 



;} concentrated 



Proof. (1): Recall from [AIj that there is a partial order on the tilting complexes defined by T > [/ if 
Hom7-(r, U\i ]) = for all i > 0. As T and ii^N{T) arc both concentrated in non-positive degrees, it 



follows from 



Aih2 



Proposition 2.9] that, A > HxC^) ^ ^[1] and A > T > A[i] for some £ > 1. We 
Theorem 2.35]. These combine to give A>T>fi]^(T)> A[l], and so 



AI 



also have T ^ A'x(^) from 

£ — 1, which means T is two-term by Aih2 Proposition 2.9 



(2): This is easy to see from the definition of mutation, ioi T — X (B M with HxiP) = Y ® M, then 
Y is the cone of a morphism from stalk complex concentrated in degree to a two-term complex 
concentrated in degree and —1, so Y is two-term as well. D 

Remark 7. If T is concentrated in non-negative degrees instead, then the analogous results hold for 
right mutations instead of left mutations. 

We will be implicitly using a correspondence between edges of a Brauer tree G and indecomposable 
summands of a star-to-G tilting complex T. More precisely, for Et a Brauer tree algebra associated 
to G, and X an indecomposable summand of T, Ft{X) is an indecomposable projective B^^-module, 
corresponding to an edge of G. We also note that, by Schape-Zakay-Illous correspondence, the each 
indecomposable stalk complex summand of a two-term tilting complex T always corresponds to an 
edge attached to the exceptional vertex. 

Theorem 4.8. Suppose T is a negative two-term tilting complex of B*^ associated to Brauer tree 
G, where the valency of exceptional vertex of G is e — £, then T can he obtained by £ irreducible left 
mutations at stalk complexes. Dually, the same result is true if one replaces negative and left by positive 
and right respectively. 



Proof. By the discussion in the paragrah above and the previous lemma, it sufhces to prove the 
following combinatorial result: Any Brauer tree G with e — £ valency at the exceptional vertex can be 
obtained by £ left mutations at edges attached to the exceptional vertex. Thanks to Proposition |4.2| 
this can be proved by finding an algorithm to obtain the Brauer star from the Brauer tree using right 
mutations, such that after each mutation, the valency of exceptional vertex is increased by 1. 

Given an edge i of G connected to the exceptional vertex, we can define a branch of G connected to 
i as the following subtree of G. If u is the exceptional vertex itself, or u is a non-exceptional vertex 
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for which there is a path from u to the exceptional vertex, ending at edge z, then u is in the branch of 
i. The edges of the branch connected to i are all the edges of G for which both ends are as described 
before. In particular, a branch is a Brauer tree where the exceptional vertex is of valency 1. 

Our algorithm is to repeat the following recursively on every branch of the tree G: take a branch of 
the tree G connected to i = iq which contain more than one edge, let the nonexceptinal end of iq be 
u and suppose iq, ii, . . . , in (note n > 1 always) is the cylic ordering of edges around u, we then right 
mutate at i„. According to the mutation rule of Brauer trees, i„ is then removed and replaced by an 
edge with one ends connected to the exceptional vertex. Therefore the valency of exceptional vertex 
has increased precisely by 1. D 

Example 8. In Figure |4J we show how the algorithm is applied to our previous example |4J Note 




Figure 4. 

that the Brauer star is not ordered in the presentation we fixed in the beginning. In order to get 
back the correct ordering, we apply the permutation tt = (156) to the labelling. Note that we have 
to fix the edges labelling on the edges attached to the exceptional vertex. This changes the mutation 
sequence to ^^ ^^ ^^ ^^ . Consequently, the two-term tilting complex T corresponding to this odd-first 
pointed Brauer tree, with marked vertex as the one of valency 3, is equal to the mutated complex: 



4.3. Mutation of simple-minded systems. 



Definition 4.9 (Mutation of simple-minded system Dug2|[CKL ). Let S — {Xi, . . . , Xr} be a simple- 
minded system, (of a weakly sym^metric algebra) and X <Z S , a left mutation of S at X , denoted 
Hx{S) := {Yi, . . . , Yr} is given by 



(1) Y,^n-^x, ifX.eX 

(2) Otherwise, Yi is the cone of the minimal left T{X) -approximation ofQXi, where J-^{X) is the 
extension closure of X . 



A right mutation /ij is defined similarly using right approximation. A tilting mutation is said to be 
irreducible if X is indecomposable. 
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Remark 9. Again, mutation respects stable equivalence. Moreover, for any simple-minded system 
S oi A and X C S, ii we have derived equivalence F : D''{mod-A) — ^ D''{niod-B), then we have 
F(ii^{S)) ~ fi^ (FS), where F : mod -^ -^ mod-_B is the induced stable equivalence. 

Example 10. Let A be the Brauer star algebra BJ m: ^-^^ Sa — {Si, S2} — {(1, 1), (2, 1)} be the set 
of simple A-modules. Then /x^ (Sa) = {(2,2m), (1, 2)}, which is in fact i3^„-simple-image, where G 
is the Brauer line with one extremal vertex being exceptional. 

Let rjA ■ D^{mod-A) — > mod-A be the canonical quotient functor. Note that any (Nakayama-stable) 
simple-minded collection S — {Xi, . . . ,Xr} restricts to a simple-minded system in the stable module 



category: ?7a(S) = {riAiXi), . . . ,r]A{Xr)}- The following result from Dug2 provides a connection 
between mutation of simple-minded systems and other structures. 



Proposition 4.10 ( [Dug2 , Proposition 5.4). Let A be a self-injective algebra, S = {Si, . . . , Sr} be 



the set of simple A-modules, regarded as stalk complex concentrated in degree 0, and X = {5^^, . . . , Si,,} 
with v'K. = X where v is the Nakayama functor of A. Then 

(4.1) 77^(^1(8)) =Ai±,(x)(^A(S)). 



Combining with Koenig-Yang bijection, and Remark^ the formula (4.1) is true for any Nakayama- 



stable simple-minded collection. In another words, mutation allows one to construct simple-minded 
systems of A which appear to be a _B-simple-image for every B derived equivalent to A via a tilting 



complex which can be obtained by iterative mutations. In CKL , the author, along with Koenig and 
Liu, have shown that any simple-minded system of a representation-finite self-injective algebra A can 
be obtained by irreducible iterative left tilting mutation starting from the set of simple A-modules. 
In fact, we can already obtain this result using Theorem |4.5| and the following corollary of Dugas' 



proposition (see CKL for more detailed exposition): 



Corollary 4.11. LetS be a simple-minded system of a representation-finite symmetric algebra A, then 
there is some simple-minded collection S with ?m(S) = S. In particular, there is some tilting complex 
T such that S is a Ft -simple- image. Moreover, this surjection from tilting complexes to simple-minded 
systems respects mutations. 



This is our starting point of posing the Problem 1.2 as already mentioned briefly in the introduction 



Proposition 4.12. Let S be the set of simple B^^-modules, and Si be a simple B'^^-module corre- 
sponding to an edge i of G. Then an irreducible left mutation fig,{S) replaces at most three (indecom- 
posable) modules in S. In particular, at most three (indecomposable) modules in any simple-minded 
system of any Brauer tree algebras will be replaced after performing an irreducible left mutation. 



Proof. We use the labelling of edges in G appeared in Definition 4.6 also let S = {Si, . . . , Se} with 
Sx being the simple module corresponding to the edge x in G, and denote P^ as the projective 
cover of S^- By the definition of mutation. Si itself is replaced by fl~^Si. For any S^ ^ S with 
X ^ i, there is non-zero (stable) homomorphism from il.Sx to (if any) self-extensions of Si, if and 
only if, the top of radPj contains Si, which happens if and only if x = j or fc (c.f. the labelling in 



Definition 4.6 1. One can then explicitly calculate that Sj is replaced by the Loewy length two uniserial 
-B^^-module (denoted as u{Sj,Si)) with top Sj and socle St; and Sk is replaced by u{Sk,Si). i.e. 
Iig, (S) = {Sn\n ^ i,j, k} U {J7^^5,;, u{Sj, Si),u{Sk, Si)}. Note that Sj or Sk may not exist depending 
on the Brauer tree G (more specifically, the valencies of the two ends of edge i). Now suppose S is 



an arbitrary simple-minded system of arbitrary Brauer tree algebra, we know from Theorem 2.4 that 
there is a stable equivalence (f> making S a simple-image. The last statement now follows from the fact 
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Remark 11. Dually, same result holds for irreducible right mutation. 

The following observation is crucial for the proof of the main theorem. We will implicitly identify 
simple-minded systems with configurations to keep the arguments linguistically simple. Also recall 
from previous section that the type of a configuration indicates the rim where the simple module lies 



after tree pruning (c.f. Lemma 2.9 ) 



Proposition 4.13. Let S is a simple-minded system, of B* ^-^ which is a B^^^-sim,ple-image for som,e 
Brauer tree G, with the valency of exceptional vertex of G being £ > 1. If X £ S is the image of simple 
B^^-module corresponding to an edge attached to the exceptional vertex, then S, /ij^ (5), and /i^(5) 
are all of the same type. 



Proof. Again, stick with the labelling used in the previous proposition (also in Definition 4.6), and 



suppose X corresponds to edge i attached to exceptional vertex v. We show the proof for left mutation; 



right mutation result is done analogously. It follows from Proposition 4.12 that the effect of irreducible 
mutation on the configuration is to replace at most three of the vertices. After tree pruning, the effect 
on the configuration (corresponding to) S is C£ = {(1, y), . . . , {£, y)} where y is either 1 (bottom-type) 
or em (top-type). After the mutation at X, all but one modules corresponding to the edges attached 
to V remain unchanged in fi^{S), so after pruning the mutated tree, we are left with a configuration 
Ci^i of i?£_x m such that the i—2 vertices in C^-i lie in the same rim as their corresponding vertices in 
w™(C£_i) C Cg. When £ > 2, this forces Ce-i and Cg to be of the same type, and hence S and /z^(5). 
If ^ = 2, the proposition follows from Example [T0| and tree pruning on Brauer line with 2 edges and 
an exceptional extremal vertex. D 

5. Proof of Theorem 11.31 



This entire section is devoted to prove the main theorem |1.3| Throughout the section, we denote A as 
the Brauer star algebra i?g ,„ with multiplicity m > 1; and B as the Brauer star algebra B* i. For any 
algebra C, we denote Sc as the set of simple C-modules. 

As before, we identify the set of simple-minded systems of ^ with the set of configurations oiZAme/{T'^)- 
Now there are maps 



alternating pointed Brauer trees with 
a marked non-exceptional vertex 

/ 

two-term tilting complexes of A 1 g j configurations of 



concentrated in degree — 1,0 J 1 ZAf,m/{T'^) 

where / is a bijection given by the algorithm presented in Section 3, and g{T) = Ft^^{Set)- Note 



that, using Koenig-Yang bijection and formula (4.1), the map g respect all mutations 



For convenience, we denote the sets above as AltPt(e, m), 2-tilt(A), and Con{Aem, ^/fn, 1) respectively. 
The elements of AltPt(e,TO) are given by the triple {G,pt,u) where G = {G,v,m) is a Brauer tree 
with e edges and multiplicity m at vertex u, pt is the choice of alternating pointing (with pt = even 
for even-first, and pt = odd for odd-first), and u is the marked non-exceptional vertex. Recall that the 
pointing on Brauer star is unique; however, for technical issues, we redefine instead, that there are two 
pointings for Brauer star, with the /(•, odd, u) — A, and /(*, even, u) — A[l] for any u non-exceptional. 
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Also note that the elements of AltPt(e,r7i) are defined up to rotational symmetry of the underlying 
graph of G around w, i.e. it is possible that {G,pt,u) — {G,pt,u') for two different vertices u,u' in 
G. In particular, (-k^pt^u) = {-k,pt,u') for all u,u' non-exceptional. We are going to show that the 
composition gf is a bijection for any m > 1, and then go on to show that the corresponding map is a 
surjection when m = 1. 

Lemma 5.1. For each fl-orbit in Con(ylem, l/m, 1)/{D,), there is a configuration S in this orbit which 
is also an image of gf. 



Proof. As discussed in Section 2 Theorem 2.4 there is a bijection 



{isoclasscs of Brauer tree algebras with e edges and multiplicity m} — > Con(Ae,„, l/m, l)/(ri) 

Also note that the first set is in bijection with the set of Brauer trees with e edges and multiplicity m, 
such bijection is given as follows. Suppose G is a Brauer tree and C = B^„j be its associated Brauer 
tree algebra, then pick arbitrary stable equivalence F : mod -C — )■ mod - A and configuration (identified 
with a simple-minded system) S = F{Sc). The map then sends C to the il-orbit of 5. We now refine 
this map to make it compatible with gf. 



As in the proof of Theorem 3.4 let {G,pt, u) € AltPt(e, m), we construct the two-term tilting complex 
T, and get derived equivalence Ft : D^{inod-A) -^ D''(mod-i?T) which induces a stable equivalence 
Ft : mod - A — )• mod - Et, and so we have gf{G,pt,u) = Ft~^{Sej,)- Since AltPt(e, m) contains all 
possible Brauer trees with e edges and multiplicity to, the assertion follows. D 

Lemma 5.2. //5 G Con(Ae„, l/m, 1) is in the image of gf, then t"(5) is also an image under gf 
for all n (z 1j. 

Proof. Suppose S — gf{G,pt,u) for some Brauer tree G with pointing pt and marked vertex u. Now 
fix G and pt, as we change the marked non-exceptional vertex u, according to algorithm presented in 
Section 3, we are only changing the labelling on the projective indecomposable modules. More precisely, 
if we change the marked vertex from u to u' where u' is the (non-exceptional) vertex immediately after 
u in the Green's walk around the Brauer tree, then we permutes the labelling on the vertices cyclicly 
(around the Brauer tree) , and hence its only effect on the induced two-term tilting complex is a cyclic 
permutation on the labelling of the projective indecomposable modules. Consequently, the resulting 
configuration can be obtained by relabelling the x-coordinate of all the vertices in the original one, 
which corresponds to the effect of applying r on the original configuration. Since there are e choices 
of the marked vertex, all the elements in the r-orbit of C is then an image under gf . D 

To show gf is a bijection, we are left to prove that for any S G Coti{Ai,„i, l/m, 1) which is in Imlgf), 
then U~^S is also in Im(g/). Recall from Section 3 that we divided the two-term star-to-tree tilting 
complexes into two classes, namely the positive one and negative one. Note that these correspond to 
even-first pointed and odd-first pointed Brauer tree with marked vertex respectively. 

Lemma 5.3. For any Brauer tree G and a fixed non- exceptional vertex u of G, take T — f{G, odd, u) 
and T' — [f {G , even,u))[—l], and let S,S' he the image of simple Ft and Et' -module respecitvely. 
Then S and S' are of the same type. In particular, since Sa is of bottom-type, S and S' in the lemma 
are also of bottom-type. 

Proof. T is a negative tilting complex, so by Theorem |4.8l T — iip ■ ■ ■ fip {A) . Therefore S = 
g{T) = Ft^^{Set) can be obtain ed by iterative irreducible left simple-minded system mutations 



l^x ' ' ' Mx {^a)- Apply Proposition 4.13 successively, S and Sa is of the same type (bottom-type). 
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Now let S' — Fx'^^{Sej.,)- Similar to T, since T' is positive, by Theorem 

by i steps irreducible right tilting mutation, inducing £ steps irreducible right simple-minded system 



4.8 



T can be obtained 



mutation. Apply Proposition 4.13 successively, S' and Sa is of the same type. Hence, S' and S are of 



the same type. D 

Lemma 5.4. If S € Im(g/) is a B'^ ^-^-simple-image of bottom-type, then there is a B^^^-simple-image 
of top-type in lin{gf). 

Proof. Suppose S = gf{G,odd,u) for some u, and let U = f{G,even,u) e 2-tiltA and T' = U[—l] as 
in the statement of the previous lemma. Obviously End7-(r') = End-r{U), and so Se^, — Seu- Now 
we have 

S = Ft' {Set') 

= Ful-l]~^{SEai-ii) 

= liom{U[-l],~) -\SEj 
= Hom(C/,-)o[l]-i(5Bj 

= (Fh^n'YHSEu) 
= niFu-\SEu)) 

= ^{gf{G,even,u)) 
The previous lemma says that S' is of bottom-type, and so gf{G, even, u) — Vt^^S' is of top-type. D 



Finally, note that if S is of bottom-type, then Q.^^S is of top-type. Applying Lemma 5.2 to the above 
lemma, we have that every top- type and bottom-type i?^„-simple-image is in Im(g/). This completes 
the proof for the bijection part of the main theorem. 

Lemma 5.5. We have the bijection 2-tilt(y4) o 2-tilt(i3). 

Proof. Note that in given a Braucr tree with multiplicity 1, we can just pick any vertex to be an 
"exceptional vertex". Now the statement follows from the fact that AltPt(e, m)=AltPt(e, 1) and 



Schaps-Zakay-Illouz correspondence (Theorem 3.3 1. D 



Suppose G, G' are a Brauer trees of multiplicity 1 with the same underlying tree and "exceptional ver- 
tex" V, v' respectively. Let u be a vertex in G (and G") which is not v and v' , and T = f{G,pt, u), T' — 
f{G',pt,u). Now by Lemma 5.5 and Schaps-Zakay-IUouz correspondence Et = B^^ = B^^ = Et' , 



and so g{T) and g{T') are in the same fJ-orbit. Now surjectivity of the map g follows by applying all 
the previous lemmas analogously. We have now completed the proof of the main theorem. 
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